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Abstrat
Phonon polarization in a magneti eld is analyzed in 2D
model. It is shown, that at presene of spin-phonon inter-
ation phonon possess ellipti polarization whih auses the
appearane of heat ux omponent perpendiular both to
temperature gradient and magneti eld.
PACS: 66.70.+f, 72.15.Gd, 72.20.Pa
Reently a magneti eld dependene of heat ondu-
tivity in dieletri rystal Tb3Ga5O12 has been experi-
mentally established [1℄, [2℄. It is so alled Phonon Hall
Eet (PHE) - a temperature gradient the has been
measured in a diretion, perpendiular both to a heat
ow and magneti eld. This phenomenon is aused by
spin-phonon interation (SPI) of phonons and param-
agneti ions. The theory of this phenomenon was on-
sidered in works [3℄, [4℄. We an expet similar eet
to be deteted in dieletris where moleules has ro-
tary degrees of freedom. This eet is known for a
long time in gases as Senftleben-Beenakker eet [5℄.
Generalization of this phenomenon on moleular rys-
tals is onsidered in work [6℄. The theory of Hall eet
in ioni and moleular dieletris for three-dimensional
ase is rather umbersome. Therefore it is interest-
ing to onsider the theory in two-dimensional model.
Probably, suh theory an be applied to some experi-
ments on quasi-two-dimensional rystals (lms or sur-
faes of three-dimensional substanes). The spetrum
and phonon polarization in presene of SPI was found.
Expressions for these polar vetors demonstrate non-
trivial symmetry, whih is important for PHE theory
onstrution. Transverse heat ondutivity oeients
and nondiagonal density matrix alulations from [3℄ for
two-dimensional ase are briey reprodued. In onlu-
sion, we estimate the amount of eet and disuss the
results.
We onsider dieletri onsisting of light atoms and
paramagneti partiles (atoms or moleules) with mag-
neti moment M. In the two-dimensional ase we as-
sume thatM is perpendiular to 2D-rystal plane. For
simpliity we will aept that in a rystal ell there is
one paramagneti partile. The magneti moment of
rare-earth atoms is aused by eletrons of f -subshell,
the magneti moment of moleules is proportional to
their rotary moment. In both ases the spetrum of
paramagneti partiles has a omplex struture. But at
low temperatures several bottom levels play the main
role, and in simplest approximation we an replae the
magneti moment by pseudospin sn (n is a ell num-
ber). We will assume that Tc ≪ T ≪ Θ, where Tc
is a rotary degrees of freedom freezing temperature, Θ
 Debye temperature. In these onditions atomi os-
illations in rystal are aused by long-wave aousti
phonons. Thus all atoms in elementary ell osillate
with the same amplitude Un and veloity Vn, and the
general motion of atoms in a ell reates the total or-
bital moment [Un × Pn], ãäå Pn = m0Vn, and m0 is
the total mass of atoms in a ell. Interation between
the moments of paramagneti partiles and the orbital
moment of a ell we will desribe by the following spin-
phonon interation Hamiltonian [7℄:
H1 = g
∑
n
(sn, [Un ×Pn]) .
In this work we use a system of units where kB = 1, ~ =
1. On the aousti phonon wavelength sale there is a
magnetization self-averaging, and we an replae oper-
ator sn with a value 〈s〉 = 〈sn〉 ∼ 〈Mn〉 averaged over
a rystal. We onsider the interation onstant g as a
phenomenologial parameter. The value of g strongly
depends on rystal eld and it was estimated in numer-
ous works [7℄.
Let us nd the aousti phonon renormalization
aused by this interation in a two-dimensional rystal.
First of all, SPI hanges a relation between veloity and
an momentum of osillating atoms (see [3℄)
Vn =
dUn
dt
=
∂H
∂Pn
= Pn/m0 + g[〈s〉 ×Un] (1)
The osillation equation in the momentum representa-
tion is
ω2ksu
a
ks = D˜
ab
k u
b
ks (2)
Here uks is the normalized polarization vetor, k is the
phonon wave vetor, s is a number of aousti mode,
and
D˜abk = D
ab
k − ieabcGc, Gc = 2ωg 〈sc〉 . (3)
We see, that SPI adds an imaginary antisymmetri ten-
sor to the symmetri dynami matrix Dabk . In the zero
approximation on SPI, the solution of (2) determines
the dispersion law for two aousti branhes and two
orresponding orthonormal polarization vetors. The
eigenvalue equation is
(
ω2ks −Dxxk
) (
ω2ks −Dyyk
)
= (Dxyk )
2
.
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To simplify, we assume rystal surfae to be square-
symmetri [8℄
Dabk = A1δ
abk2 +A2δ
abk2a +A3kakb. (4)
It's easy to verify, that in isotropi model (A2 = 0) the
longitudinal mode has the energy ωk‖ = k
√
A1 +A3,
and the transverse mode energy is
(
ω0 = k
√
A1
)
. In
the general ase we have
ω2s =
1
2
(2A1 +A2 +A3)k
2 + s
1
2
R, s = ±1, (5)
R2 = (A2 +A3)
2(k2x − k2y)2 + 4 (A3kxky)2 (6)
For brevity, we omit the k dependene indiation in
evident ases here and below. In the general ase, all
of Ai are positive and nonzero. So, in real 2D-rystal
the aousti phonon spetrum is nondegenerated for all
k in zero approximation, and ω2k+ > max(D
xx
k , D
yy
k ),
ω2k− < min(D
xx
k , D
yy
k ).
From (5) and (6) we see that R2 and ω2± are in-
variant with respet to inversion and following ree-
tions: (kx, ky) → (kx,−ky) , (kx, ky) → (−kx, ky). For
heat ow alulation we also need anisotropi veloity
of sound expressions:
caks =
∂ωs
∂ka
=
1
2ωs
{(2A1 +A2 +A3) +
+s
1
R
[(A2 +A3)
2(k2a − k2a+1) + 2A23k2a+1]}ka.
If all of Ai has the same order of magnitude, then both
veloities of sound has similar to k diretion, and c ≃√
A on the order of magnitude.
Polarization vetors play a great role in the PHE
problem. From dispersion equation (2) we have
exks =
(
ω2ks −Dyyk
)
Ckssignk
x, eyks = |Dxyk |Ckssignky,
(7)
and normalization
C−2ks =
(
ω2ks −Dyyk
)2
+Dxy2k = sR
(
ω2ks −Dyyk
)
> 0
Eigenvetors (7) and Cks are determined to phase,
whih depends on k and s. Let us take Cks = |Cks|.
Then normalized polarization vetors are real and an
be written down as follows:
exks = s ∗ signkx
√
s(ω2ks−D
yy
k )
R
,
eyks = signk
y
√
s(ω2ks−Dxxk )
R
.
(8)
They also possess properties:
(e+e−) = 0, (e+ × e−)z = Ck+Ck−Dxyk R,
(
eskˆ
)
=
= s ∗
√
|kx|2
k2
s(ω2ks−D
yy
k )
R
+
√
|ky |2
k2
s(ω2ks−Dxxk )
R
.
(9)
From the last equation in (9) we an see that the up-
per (lower) branh is approximately longitudinal (trans-
verse). Components (8) hanges their signs after inver-
sion and orresponding omponents hanges their signs
after reetion from general axes as eks are polar ve-
tors. If we will turn k from ϕ = 0 to 2pi smoothly,
the vetor ek− hanges its diretion by a jump when k
rosses one of the axes. Vetor ek+ osillates near wave
vetor k diretion, vetors ek+ and ek− are always per-
pendiular to eah other.
Let us now disuss phonon renormalization in lin-
ear approximation on SPI. We present the polariza-
tion vetor in linear approximation in the form of
uas = (e
a
s + δe
a
s), and rewrite dispersion equation (2)
using this form. Then from the real part of obtained
equation we an see that phonon spetrum and group
veloity cks = ∂ωks/∂k are not renormalized (δωs = 0).
Imaginary part of dispersion equation determines the
renormalization of polarization vetor:
(
ω2sδ
ab −Dab) δebs = −ieabcGcebs.
The most general form of the solution would have a
form δebs = iKe
b
s′ , then we obtain
K =
(
ω2k+ − ω2k−
)−1
([ek+ × ek−]G) . (10)
Thus, SPI leads to ellipti polarization of phonons,
whih is expressed in the imaginary addition to polar-
ization vetors in zero approximation (8). Using rela-
tion (3) between G and g, for thermal phonons we an
estimate the degree of ellipti polarization:
K ≃ g 〈s〉 /T. (11)
As noted above, phonon spetrum and group veloity
do not depend on SPI in linear approximation. But the
form of heat ow density jγ in rystal an hange in
presene of SPI. However, it an be shown that, due
to linear relation between veloity and momentum (1),
the expression for heat ow in oordinate representation
has exatly the same form as in [9℄
jc =
1
2V
m0
∑
i6=j
RcijD
ab
ij
(
Uai V
b
j
)
, (12)
but here Vn = Pn/m0 + g[s × Un] (see. (1)). Then
we write (12) in seondary quantization representation,
average it over the system state, omit the anomalous
averages 〈aksa−ks′ 〉,
〈
a+−ks′a
+
ks
〉
, hange symbols under
the summation sign and obtain the following expression
for the heat ow density:
〈jc〉 = 1
4V
Re{∑kss′ (
√
ωks
ωks′
+
√
ωks′
ωks
)
(∇ckDabk )×
×ua∗ksubks′ρss′(k)},
(13)
where ρss′(k) =
〈
a+ksaks′
〉
is phonon density matrix. In
zero approximation (13) has the usual form of energy
ow density for phonon gas with nks =
〈
a+ksaks
〉
. Sub-
stituting polarization vetor in linear approximation,
we obtain (see [3℄)
〈δjc〉 = 2
V
∑
k(
√
ωk−
ωk+
+
√
ωk+
ωk−
)K(k)ωk−ωk+×
×(cck+ − cck−) Im ρ−+(k).
(14)
2
If magneti eld and moment M are direted along
z axis, temperature gradient ∇T is direted along x
axis, and transverse heat ow is direted along y axis,
then, substituting ρ−+ in the form of linear response
ρ−+(k) = −iAx−+ (k) (∇T )x into (14), we have
κ
yx = 2
V
∑
k(
√
ωk−
ωk+
+
√
ωk+
ωk−
)K(k)ωk−ωk+×
×(cyk+ − cyk−)ReAx−+(k),
(15)
where K(k) is determined in (10). As K(k) ∼ G, then
for alulation (15) in linear approximation, it would
sue to alulate Ax12(k) in zero approximation. A-
ording to [3℄
Axpq =
Fss′ (k)c
x
s (k) + Fs′s(k)c
x
s′(k)
ωks − ωks′ , (16)
Fss′ (k) = − ωksΩpq
2T 2Ωpp
Nks (1 +Nks) . (17)
Here Ωpq are the eetive relaxation frequenies, p =
ks, q = ks′. In general ase Ωpq, Ωqp, Ωpp have the
same order of magnitude (but |Ωpq| , |Ωqp| < Ωpp). In
the two-dimensional ase the longitudinal omponent
of heat ondutivity tensor is κ
xx ≃ T 2Ω−1, where c,Ω
are the average values of cp,Ωpp. The substitution of eq.
(16) and (17) into (15) gives us the transverse ompo-
nent in the form of integral dependent on the relaxation
frequenies ratio Ωpq/Ωpp.
The produt cxcy enter into the integral (15), instead
of (cx)
2
in longitudinal heat ondutivity, and it seems
to disappear when averaging over k diretions. How-
ever, in (15) there is K(k) ∼ (e1 × e2) ∼ Dxy ∼ kxky.
Therefore, under summation sign in (15) there is an ex-
pression invariant by inversion in reiproal spae, and
averaging over k gives a nonzero result. We note, that
the presene of ((e1 × e2)G) points to determining role
of the phonon ellipti polarization, whih arises due to
SPI. The integrand in (15) beomes maximum when
aousti modes beomes at most lose to eah other. In
2D rystal (when all Ai in (4) are the same order of
magnitude) there are no suh preferential diretions.
In ontrast to 3D ase [3℄ the PHE magnitude (15) is
strongly denable
κ
yx =
2
V
∑
k
(
√
ωk−
ωk+
+
√
ωk+
ωk−
)K(k)ωk−ωk+ ×
×(Cyk+ − Cyk−)
Fss′ (k)c
x
s (k) + Fs′s(k)c
x
s′(k)
ωks − ωks′ ,
and an be alulated exatly. However, the problem
denition has a model harater and we will make the
estimations only. We assume the ollision frequenies
Ωpq and Ωpp to be the same order of magnitude Ω.
For simpliity we also aept a ertain average value
for veloity of sound c¯ for both modes, and thermal
phonons with frequenies about T play a main role in
integral. In omparison to the longitudinal heat on-
dutivity, the transverse heat ondutivity has two ad-
ditional multipliers: the degree of elliptiity (11) and
Ωpq/ (ωks − ωks′). They haraterize the magnitude of
nondiagonal elements of density matrix. The Hall angle
has the following order of magnitude â
κ
yx/κxx ≃
(
g 〈s〉
T
)(
Ω
T
)
.
The last multiplier an be estimated from experimental
value of heat ondutivity oeient. The rst mul-
tiplier depends on SPI magnitude and was disussed
in works [3℄, [7℄, [10℄ for ioni dieletris. We suppose
this ratio to have a omparable order of value in di-
eletris ontaining moleules with rotational degrees
of freedom. It an be even greater due to a higher de-
gree of moleules anisotropy. Anyway, the transition
from 3D to 2D ase an make easier the observation of
PHE.
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